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Automorphisms of hyperkähler manifolds
and groups acting on CAT(0) spaces
Nikon Kurnosov and Egor Yasinsky *
ABSTRACT. We study groups of biholomorphic and bimeromorphic automorphisms of projective hyper-
kähler manifolds. Using an action of these groups on some non-positively curved space, we immediately
deduce many of their properties, including finite presentation, strong form of Tits’ alternative, and some
structural results about groups consisting of transformations with infinite order.
1. INTRODUCTION
The purpose of this paper is to prove some boundedness results on biholomorphic and bimero-
morphic automorphism groups of hyperkähler manifolds using geometric group theory. Some of
these facts should be known to experts, but their proofs (sometimes quite recent) have different na-
ture. Our goal is to put them into the context of groups acting geometrically on CAT(0) spaces, and to
explain some new and old statements from that point of view. The advantage of this approach is that
a group Γ acting on a CAT(0) space «nicely» (properly and cocompactly by isometries) automatically
has a lot of good properties which are classically known to people doing metric geometry. For exam-
ple, a consequence of Švarc-Milnor lemma states that Γ is finitely presented in this case. For more
properties see Section 3.
Throughout this note, we work over the complex number field C. By a hyperkähler manifold we
mean a compact simply-connected complex Kähler manifold M having everywhere non-degenerate
holomorphic 2-form ωM such that H 0(M ,Ω2M ) = CωM . These manifolds play a very important role
in classification of compact Kähler manifolds with vanishing first Chern class. The known examples
include K3 surfaces, the Hilbert schemes Hilbn(S) of 0-dimensional closed subschemes of length n of
a K3 surface S, generalized Kummer varieties, i.e. the kernels of the composition
Hilbn(T )→ Symn T s→ T,
where T is a complex torus and s is the sum morphism, and O’Grady’s two sporadic examples of
dimension 6 and 10.
Let M be a hyperkähler manifold. In present note we are interested in groups of its biholomor-
phic and bimeromorphic automorphisms, Aut(M) and Bir(M) respectively. Recall that a classical Tits’
*The first author was supported within the framework of a subsidy granted to the HSE by the Government of the Russian
Federation for the implementation of the Global Competitiveness Program. The second author acknowledges support by
the Swiss National Science Foundation Grant “Birational transformations of threefolds” 200020_178807. Both authors are
supported by RFBR grant 18-31-00146\18.
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2alternative states that any finitely generated linear algebraic group over a field is either virtually solv-
able (i.e. has a solvable subgroup of finite index), or contains a non-abelian free group. Following
[Ogu06] let us say that a group G is almost abelian of finite rank r if there are a normal subgroup
G ′G of finite index and a finite group K which fit in the exact sequence
id→K →G ′→Zr → 0.
Then one has the following analogue of Tits’ alternative for hyperkähler manifolds:
Theorem 1.1 ([Ogu06, Theorem 1.1]). Let M be a projective hyperkähler manifold and G be a subgroup
of Bir(M). Then G satisfies either:
(1) G is an almost abelian group of finite rank, or
(2) G contains a non-abelian free group.
In the non-projective case the situation is even simpler:
Theorem 1.2 ([Ogu08, Theorem 1.5]). Let M be a non-projective hyperkähler manifold. Then the group
Bir(M) (and hence Aut(M)) is almost abelian of rank at most max(ρ(M)− 1,1). In particular, these
groups are finitely generated.
In [Ogu08] K. Oguiso also asked (Question 1.5) if the groups Bir(M) and Aut(M) are finitely gen-
erated for projective hyperkähler manifolds. Using Global Torelli Theorem, S. Boissière and A. Sarti
proved that Bir(M) is finitely generated. This does not imply that Aut(M) is finitely generated since
Aut(M) is not necessarily of finite index in Bir(M). The question of finite generation of Aut(M) re-
mained open until the recent preprint of Cattaneo and Fu [CF18], where the authors were able to give
an affirmative answer to Oguiso’s question.
Theorem 1.3 ([CF18, Theorem 1.5]). Let M be a projective hyperkähler manifold. Then the group
Aut(M) is finitely presented.
The goal of this note is to show that many finiteness properties of automorphism groups of pro-
jective hyperkähler manifolds (including Theorem 1.3 and Theorem 1.1) follow from the fact that
these groups act geometrically on some metric space of non-positive curvature. These metric spaces
are the so-called CAT(0) spaces. Roughly speaking, these are spaces which are at least as non-positively
curved as the Euclidean plane. Our method is not new: its rough sketch can be found already in
[Tot12] (in the context of K3 surfaces), and then it was applied in [Ben17] for proving that rational al-
gebraic surfaces with a structure of so-called klt Calabi-Yau pair have finitely many real forms. How-
ever, to apply the same strategy to hyperkähler manifolds one needs to have some tools which were
developed only recently (e.g. that the Kawamata-Morrison cone conjecture holds for hyperkähler
manifolds). On the other hand, the fact that finite presentation of the automorphism group of a pro-
jective hyperkähler manifold was proved only in 2018, shows that connection of these manifolds with
3CAT(0) spaces is still not a common knowledge. Therefore, in this note we tried to give a reasonably
self-contained account of the corresponding construction. Our first main result is the following:
Theorem A. Let M be a projective hyperkähler manifold. Then the groups Aut(M) and Bir(M) are
CAT(0) groups. In particular, they are finitely presented.
From this theorem we easily deduce the following strong form of Tits’ alternative for hyperkähler
manifolds.
Theorem B. Let M be a projective hyperkähler manifold, and G ⊆Bir(M) be a subgroup. Then
(1) either G contains a finite index subgroup isomorphic to Zn ;
(2) or G contains a non-commutative free group.
In particular, so are Bir(M) and Aut(M).
Theorem C (cf. Theorem 7.1 in [CF18]). Let M be a projective hyperkähler manifold. Then the groups
Aut(M) and Bir(M) have finitely many conjugacy classes of finite subgroups. In particular, there exists
a constant2 B=B(M) such that |G| ÉB for any finite subgroup G ⊂Bir(M).
Remark 1.4. A reader familiar with some basic properties of hyperkähler manifolds might have an
impression that Theorem C easily follows from the fact that both Aut(M) and Bir(M) admit a natu-
ral representation in GL(NS(M)) with a finite kernel, and the groups GLn(Z) are known to have only
finitely many conjugacy classes of finite subgroups. However, even finitely generated subgroups of
GLn(Z) may violate the latter property. Indeed, in [GP99] Grunewald and Platonov give an example of
a finitely generated subgroup of SL4(Z) that contains infinitely many conjugacy classes of elements of
order 4.
Remark 1.5. Let G be a family of groups. Following the terminology introduced in [Pop11] (see also
[PS16, PS17]) we say thatG is uniformly Jordan (resp. has uniformly bounded finite subgroups) if there
is a constant J = J(G ) (resp. B = B(G )) such that for any group Γ ∈ G and any finite subgroup G ⊂ Γ
there exists a normal abelian subgroup A ⊂ G of index at most J (resp. |G| É B). We say that Γ is
Jordan (resp. has bounded finite subgroups) if the family {Γ} is uniformly Jordan (resp. bounded). In
view of Theorem C and Remark 3.7 it is natural then to ask if the following group-theoretic analog of
Beauville’s finiteness conjecture is true:
Question 1.6. Consider the family
Gn =
{
Bir(M) : M is a projective hyperkähler manifold of dimension 2n
}
.
Does the famillyGn have uniformly bounded finite subgroups (with a constant B=B(n) depending only
on n)? Is it at least uniformly Jordan with J= J(n)? Same questions for Aut(M).
2This statement also follows from [PS16, Theorem 1.8], see Remark 3.6 below.
4In some particular cases one can hope to obtain such bounds using results of [Gua01], [Kur15],
and [Saw15].
This paper is organized as follows. In Section 2 we recall some basic facts about hyperkähler
manifolds, and then discuss the Kawamata-Morrison cone conjecture for these manifolds, proved by
Amerik and Verbitsky in [AV17] for all possible values of second Betti number except b2 = 5. We then
indicate the proof of this conjecture in the case b2 = 5, expanding the sketch of the proof from [AV18].
Section 3 is devoted to CAT(0) metric spaces and properties of groups, which act geometrically on
them. We show how the groups of biholomorphic and bimeromorphic self-maps of projective hy-
perkähler manifolds are related to these spaces, and then deduce Theorem B and Theorem C from
Theorem A. We also obtain some structural results about groups consisting of transformations of in-
finite order. In Section 4 we construct a CAT(0) space, on which the groups Aut(M) and Bir(M) act
properly and cocompactly by isometries, hence proving Theorem A. Although the construction of the
space is not difficult, one should verify many technical conditions which guarantee that our groups
act «nicely» on the resulting space. This is why we divided the proof into several steps, which we ex-
plain in details in further subsections. Finally, in Section 5 we discuss some further examples, where
this technique could be applied.
2. PRELIMINARIES
2.1. Hyperkähler manifolds. By a hyperkähler (or irreducible holomorphic symplectic) manifold we
mean a compact simply-connected complex Kähler manifold M having everywhere non-degenerate
holomorphic 2-formωM such that H 0(M ,Ω2M )=CωM . These manifolds are even dimensional Calabi-
Yau manifolds and play a very important role in classification of Kähler manifolds with trivial Chern
class. Namely, Beauville-Bogomolov decomposition theorem ([Bog74]) states that for any compact
Kähler manifold with trivial Chern class there exists a finite étale cover M˜ →M such that
M˜ ∼= T ×
n∏
i=1
Yi ×
m∏
j=1
Z j ,
where T is a complex torus, Yi are strict Calabi-Yau manifolds (with pi1(Yi )= 0, KYi =OYi and h0,p = 0
for 0< p < dimYi ), and Z j are hyperkähler manifolds.
One of the most important properties of a hyperkähler manifold is the existence of Beauville-
Bogomolov-Fujiki form (BBF-form for short) ([Bea83, Fuj87]. This is an integral symmetric bilinear
form qBBF on H 2(M ,Z) of signature (3,0,b2(M)− 3). By means of BBF-form, the signature of the
Neron-Severi group NS(M) is one of the following:
(1,0,ρ(M)−1), (0,1,ρ(M)−1), (0,0,ρ(M)).
We call these three cases hyperbolic, parabolic, and elliptic respectively. Due to a deep result of Huy-
brechts, M is projective if and only if NS(M) is hyperbolic [Huy99], [GHJ03, Proposition 26.13].
5Let f : M 99KM ′ be a bimeromorphic map between Calabi-Yau manifolds. By [GHJ03, III.25.14]
this map f is an isomorphism in codimension 1 and induces a linear isomorphism
f ∗ : H 2(M ′,Z) ∼→H 2(M ,Z)
which in the case of hyperkähler manifolds preserves the BBF-form. In particular, there is a group
homomorphism
ΦNS : Bir(M)→O(NS(M)⊗R, qBBF ).
Put
Bir∗(M)=ΦNS(Bir(M)), Aut∗(M)=ΦNS(Aut(M)).
We have the following important fact.
Proposition 2.1 ([Ogu12, Proposition 2.4]). Let M be a projective Calabi-Yau manifold. Then the kernel
of a homomorphism
ΦNS : Bir(M)→GL(NS(M))
is a finite group.
2.2. The Kawamata-Morrison conjecture. In this note we shall consider various cones (i.e. sub-
sets stable under multiplication by R>0) in the finite-dimensional vector space NS(M)R =NS(M)⊗R
equipped with Z-structure given by NS(M)=H 1,1(M ,R)∩H 2(M ,Z).
Let M be a compact, Kähler manifold. In what follows Kah(M)⊂H 1,1(M ,R) will denote the open
convex Kähler cone of M . Its closure Nef(M) = Kah(M) in H 1,1(M ,R) is called the nef cone. Further,
Amp(M) will denote the ample cone of M . For some varieties these cones have a nice structure, e.g. for
Fano varieties they are rational polyhedral. However in general they can be quite mysterious: they can
have infinitely many isolated extremal rays or «round» parts. Both phenomena occur already for K3
surfaces. The Kawamata-Morrison cone conjecture predicts that for Calabi-Yau varieties the structure
of these cones (or rather some closely related cones) is nice “up to the action of the automorphism
group”. Before stating a suitable version of this conjecture, we need some definitions.
Let V be a finite-dimensional real vector space equipped with a fixed Q-structure. A rational
polyhedral cone in V is a cone, which is an intersection of finitely many half spaces defined over Q.
In particular, such a cone is convex and has finitely many faces. For an open convex cone C ⊂ V we
denote by C + the convex hull of C ∩V (Q).
Let Γ be a group acting on a topological space X . A fundamental domain for the action of Γ is a
connected open subset D ⊂ X such that ⋃
γ∈Γ
γ ·D = X ,
and the sets γ ·D are pairwise disjoint. Let X be a subset of a metric space Y (typically Y will be either
Euclidean or hyperbolic n-space). A side of a convex subset C ⊂ Y is a maximal nonempty convex
subset of ∂C . A polyhedron in Y is a nonempty closed convex subset whose collection of sides is
6locally finite. A fundamental polyhedron for the action of a discrete isometry group Γ on X is a convex
polyhedron D whose interior is a locally finite fundamental domain for Γ. Local finiteness means that
for each point x ∈ X there is an open neighborhood U of x such that U meets only finitely many sets
γD , γ ∈ Γ. Obviously, this also implies that every compact subset K ⊂ X intersects only finitely many
sets γD .
One of the versions of the Kawamata-Morrison cone conjecture says that the action of the auto-
morphism group of a Calabi-Yau variety on the cone Amp(M)+ has a rational polyhedral fundamen-
tal domain. There is also a birational version for Bir(M) and Mov(M)+ respectively, where Mov(M)
denotes the movable cone, i.e. the convex hull in NS(M)R of all classes of movable line bundles on
M . The conjecture has been proved for K3 surfaces by Sterk and Namikawa [Ste85], [Nam85] us-
ing the Torelli theorem of Piatetski-Shapiro and Shafarevich, and generalized later on 2-dimensional
Calabi-Yau pairs by Totaro [Tot10]. For projective hyperkähler manifolds the following versions of the
Kawamata-Morrison conjectures were recently proved by E. Markman, E. Amerik and M. Verbitsky:
Theorem 2.2. Let M be a projective simple hyperkähler manifold. Then
(1) [AV17, Theorem 5.6] The group Aut(M) has a finite polyhedral fundamental domain on Amp(M)+.
(2) [Mar11, Theorem 6.25] The group Bir(M) has a rational polyhedral fundamental domain on
Mov(M)+.
Remark 2.3. For the reader who would like to follow Ratcliffe’s [Rat06] exposition of geometrically
finite groups, while reading Section 4.4, it may be useful to keep in mind a somewhat more explicit
construction of fundamental polyhedrons in Theorem 2.2. This is due to E. Looijenga [Loo14, Propo-
sition 4.1 and Application 4.14]. Let C be a non-degenerate open convex cone in a finite dimensional
real vector space V equipped with a fixed Q-structure. Let Γ be a subgroup of GL(V ) which stabilizes
C and some lattice in V (Q). Assume that there exists a polyhedral coneΠ in C+ such that Γ ·Π⊇C and
there is an element ξ ∈C ◦∩V ∗(Q) whose stabilizer Γξ is trivial3 (here C ◦ denotes the open dual cone
of C ). Then Γ admits a rational polyhedral fundamental domain Σ on C+. Moreover, as was noticed
before [Tot10, Theorem 3.1] (and proved in [Tot09, Lemma 2.2]) Looijenga’s fundamental domain co-
incides with a Dirichlet domain of Γ when the representation preserves a bilinear form of signature
(1,∗). Recall that for a discontinuous group Γ of isometries of a metric space (X ,d) and a point ξ ∈ X
with a trivial stabilizer Γξ one defines the Dirichlet domain for Γ as the set
Dξ(Γ)=
{
x ∈ X : d(x,ξ)É d(x, gξ) for all g ∈ Γ}.
Dirichlet polyhedrons are known to have many good properties, in particular they are locally finite in
the interior of the positive cone [Tot09, Corollary 2.3]) and exact [Rat06, Theorem 6.6.2] (meaning that
for each side S of D =Dξ(Γ) there is an element γ ∈ Γ such that S =D∩γD).
3In our situation ξ exists automatically even without assuming that there is a fundamental domain for Γ, see e.g. [CF18,
Proposition 6.6]
7Theorem 2.2 (1) has been initially proved in an assumption b2 6= 5. Below we sketch a proof for
the case b2 = 5, which follows from the results of Amerik and Verbitsky (see also [AV18, Remark 1.5]).
Proposition 2.4. Let M be a projective hyperkähler manifold with b2 = 5. The automorphism group
has a rational polyhedral fundamental domain on the ample cone of M.
Recall that the mapping class group is the group Diff(M)/Diff0(M), where Diff0(M) is a connected
component of diffeomorphism group of M (the group of isotopies). Consider the subgroup of the
mapping class group which fixes the connected component of our chosen complex structure. The
monodromy group is the image of this subgroup in O(H 2(M ,Z)).
Denote by Hyp an infinite-dimensional space of all quaternionic triples I , J ,K on M which are in-
duced by some hyperkähler structure, with the same C∞-topology of convergence with all derivatives.
Identify Hypm =Hyp/SU(2) with the space of all hyperkähler metrics of fixed volume.
Define the Teichmüller space Teichh of hyperähler structures as the quotient Hypm/Diff0. De-
fine the period space of hyperkähler structures by the space Perh = Gr+++(H 2(M ,R)) of all positive
oriented 3-dimensional subspaces in H 2(M ,R).
Remark 2.5. The period space Perh is naturally diffeomorphic to SO(b2−3,3)/SO(3)×SO(b2−3). The
map P erh : Teichh → Perh is the period map associating the 3-dimensional space generated by the
three Kähler forms ωI ,ωJ ,ωK to a hyperkähler structure (M , I , J ,K , g ). This map by [AV15, Theorem
4.9] is an open embedding for each connected component. Moreover, its image is the set of all spaces
W ∈ Perh such that the orthogonal complement W ⊥ contains no MBM classes (see below).
A non-zero negative rational homology class (1, 1)-class z is called monodromy birationally mini-
mal (MBM) if for some isometryγ ∈O(H 2(M ,Z)) belonging to the monodromy group, γ(z)⊥ ⊂H 1,1(M)
contains a face of the pull-back of the Kähler cone of one of birational models M ′ of M .
Proof of Proposition 2.4. For each primitive MBM class r , denote by Sr the set of all 3-planes W ∈
Gr+++ orthogonal to r . Consider the union∪r Sr of this sets. Its complement in Gr+++ is identified to a
connected component of the Teichmüller space by [AV15, Theorem 4.9]. So it is open. From the [AV18,
Theorem 1.7] for X = G/K , where G = SO(3,2) and K = SO(3)× SO(2) 4 it follows that monodromy
group acts on the set of MBM classes with finite number of orbits.
Recall that the monodromy acts by isometries, thus the square of a primitive MBM class in re-
spect with the Beauvile-Bogomolov-Fujiki form on M is bounded in a absolute value. This is key
assumption in Amerik-Verbitsky’s proof of Kawamata-Morrison cone conjecture. Indeed, the [AV14,
Theorem 6.6] implies the finitness of orbits for the Kähler cone.
Consider the quotient S = (Pos(M)∩NS(M)⊗R)/Γ, where Pos(M) is positive cone and Γ is the
Hodge monodromy group. Then by Borel and Harish-Chandra theorem S is a complete hyperbolic
4In the general case G = SO(3,b2−3) and K = SO(3)×SO(b2−3)
8manifold of finite volume. Since Aut(M) acts with finite number of orbits on Kah(M), then the im-
age of Amp(M) in S is a hyperbolic manifold T with finite boundary. One can prove that T admits
decomposition by finitely many cells with finite piecewise geodesic boundary. Finite polyhedral fun-
damental domain on the ample cone of M is obtained by suitable liftings of this cells. We refer the
reader to [AV17, Theorem 5.6] for the further details. 
3. CAT(0) GROUPS: DEFINITIONS AND APPLICATIONS
In this subsection we first recall some basic definitions of the theory of CAT(0) spaces, and then
show how to use them to prove our results.
3.1. CAT(0) spaces. Let (X ,dist) be a metric space. Recall that a geodesic segment joining two points
x, y ∈ X is the image of a path of length dist(x, y) joining x and y . We write [x, y] to denote some
geodesic segment (which need not to be unique). A metric space is said to be geodesic if every two
poins in X can be joined by a geodesic. A geodesic triangle in X consists of three points x, y, z ∈ X and
a choice of geodesic segments [x, y], [y, z] and [x, z].
A geodesic metric space (X ,dist) is said to be a CAT(0) space if for every geodesic triangle ∆ ⊂ X
there exists a triangle ∆′ ⊂ En (here and throughout the paper En denotes the Euclidean n-space with
a standard metric) with sides of the same length as the sides of ∆, such that distances between points
on ∆ are less or equal to the distances between corresponding points on ∆′. Informally speaking, this
means that geodesic triangles in X are «not thicker» than Euclidean ones.
Definition 3.1 (CAT(0) groups). Let Γ be a group acting by isometries on a metric space X . This action
is proper or properly discontinous if for each x ∈ X there exists r > 0 such that the set of γ ∈ Γwith
γ ·B(x,r )∩B(x,r ) 6=∅
is finite (here and throughout the paper B(x,r ) denotes an open ball with center x and radius r ).
The action is cocompact is there exists a compact set K ⊂ X such that X = Γ ·K . The action is called
geometric if it is proper and cocompact. Finally, we say that Γ is a CAT(0) group if it acts geometrically
on a CAT(0) space.
Now we can state one of the main results of this paper.
9Theorem 3.2 (Theorem A). Let M be a projective hyperkähler manifold. Then Aut∗(M) and Bir∗(M)
are CAT(0) groups. The same holds for Aut(M) and Bir(M).
Proof. See after Theorem 4.1. 
The following properties of CAT(0) groups will be crucial for us.
Theorem 3.3 ([BH99, III.Γ, Theorem 1.1]). Every CAT(0) group Γ satisfies the following properties:
(1) Γ finitely presented;
(2) Γ has finitely many conjugacy classes of finite subgroups;
(3) Every solvable subgroup of Γ has an abelian subgroup of finite index;
(4) Every abelian subgroup of Γ is finitely generated.
We postpone the construction of a CAT(0) space for Aut(M) and Bir(M) until Section 4. Below we
deduce some corollaries from Theorem 3.2.
Corollary 3.4 (Theorem A). Let M be a hyperkähler manifold. Then the groups Aut(M) and Bir(M) are
finitely presented.
Proof. If M is non-projective, then the groups Aut(M) and Bir(M) are almost abelian by Theorem 1.2,
hence finitely presented. For projective hyperkähler manifolds the statement follows from Theorem
3.3 (1). 
Corollary 3.5 (Theorem C). Let M be a projective hyperkähler manifold. Then the groups Aut(M) and
Bir(M) have finitely many conjugacy classes of finite subgroups. In particular, there exists a constant
B =B(M) such that for every finite subgroup G ⊂Bir(M) one has |G| ÉB (i.e. Bir(M) has bounded finite
subgroups).
Proof. Follows from Theorem 3.3 (2). 
Of course, the second part of this statement (as well as Corollary 3.8 below) can be obtained
using Minkowski’s Theorem, which states that GLn(Q) has bounded finite subgroups (see e.g. [Ser07]).
However, as we mentioned in Remark 1.4 the finiteness of conjugacy classes of finite subgroups is a
much more subtle issue.
Remark 3.6. One can compare this result with [PS16, Theorem 1.8] which states that Bir(X ) has
bounded finite subgroups provided that X is an irreducible algebraic variety which is non-uniruled
and has h1(X ,OX ) = 0. The latter condition is clearly true for any projective hyperkähler manifold
X , and the former one holds since complex uniruled varieties have Kodaira dimension −∞, while
Calabi-Yau manifolds have Kodaira dimension zero.
Remark 3.7. In dimension two, i.e. for projective K3 surfaces, it is known that the orders of their finite
automorphism groups are bounded by 3840 (and this bound is sharp) [Kon99].
10
Recall that a torsion group is a group in which each element has finite order. In general it is an
open question whether torsion subgroups of any CAT(0) group are always finite. However in our case
the answer to this question is positive.
Corollary 3.8 (Burnside property). Let M be a projective hyperkähler manifold. Then every torsion
subgroup G ⊆Bir(M) is finite.
Proof. Put G∗ =ΦNS(G) and G0 =G∩kerΦNS. One has a short exact sequence
1→G0 →G →G∗→ 1
with G0 finite, and G∗ a torsion group. By Theorem 3.3 (2) (or Corollary 3.5) the group G∗ has bounded
exponent, i.e. there exists d ∈ Z>0 such that the order of any g ∈G∗ is É d . Since G∗ is linear, it must
be finite by Burnside’s theorem. Therefore G is finite too. 
3.2. Tits’ alternative. In this subsection we show how our method implies a strong form of Tits’ al-
ternative (Theorem B) for projective hyperkähler manifolds. In general this is a well-known open
question whether CAT(0) groups always satisfy Tits’ alternative, but in our case the usual Tits’ alter-
native for GLn(Q) and some properties of CAT(0) groups give even stronger restrictions than in the
classical settings.
The heart of the proof of [Ogu06, Theorem 1.1] was the fact that a virtually solvable subgroup of
O(L), where L is a hyperbolic lattice of finite rank, must be almost abelian of finite rank. The proof of
the latter involves Lie-Kolchin Theorem and various properties of Salem polynomials. In our case the
key ingredient of Oguiso’s proof follows from the fact that Bir(M) is a CAT(0) group. But in fact we are
able to prove something stronger, namely, that in the first case of Tits alternative our group is just Zn
up to finite index.
Theorem 3.9 (Theorem B). Let M be a projective hyperkähler manifold, and G ⊆Bir(M) be a subgroup.
Then
(1) either G contains a finite index subgroup isomorphic to Zn ;
(2) or G contains a non-commutative free group.
In particular, so are Bir(M) and Aut(M).
Proof. Put G∗ =ΦNS(G). Then one has a short exact sequence of groups
1→N →G →G∗→ 1,
with N being a finite group by Proposition 2.1. Assume that G∗ does not contain a non-abelian free
subgroup. Then by usual Tits’ alternative for GL(NS(M)⊗R) the group G∗ has a solvable subgroup S∗
of finite index. Put S =Φ−1NS(S∗). We have a short exact sequence
1→N → S → S∗→ 1
11
with [G : S] <∞, N finite, and S∗ solvable. The centralizer C = CS(N ) of N in S has finite index in S
(indeed, S acts on N by conjugation, which gives a homomorphism S → Aut(N ) with kernel CS(N )
and Aut(N ) a finite group). Thus we have an extension
1→ A→C →C∗→ 1
with A =N ∩C abelian and C∗ solvable group. Clearly [G : C ]<∞. Since both A and C∗ are solvable,
the group C ⊂ Bir(M) is solvable. By Theorem 3.3 (3) and (4) it then contains F ∼=Zn with [C : F ]<∞.
Hence G contains a finite index subgroup isomorphic to Zn . 
3.3. Some applications to dynamics. Let (X ,dist) be a metric space and f ∈ Isom(X ) be its isometry.
Then one can consider the displacement function of f
d f : X →RÊ0, d f (x)= dist( f (x), x).
The translation length of f is the number ‖ f ‖ = inf{d f (x) : x ∈ X }. The set of points where d f attains
the infimum is denoted by Min( f ). If d f attains a strictly positive minimum, then f is called loxo-
dromic; if this minimum is 0 (i.e. f has a fixed point), then f is called elliptic; if d f does not attain
the minimum (i.e. Min( f )=∅), then f is called parabolic. Elliptic and loxodromic isometries are also
called semi-simple. In the case X =Hn these definitions agree with the old ones.
Now let M be a projective hyperkähler manifold, and f ∈ Bir(M) be birational automorphism.
According to the action of f ∗ on the corresponding hyperbolic space (NS(M)R, qBBF ) one can classify
f as elliptic, parabolic or loxodromic. Denote by XM the CAT(0) space constructed in Section 4, i.e.
the space on which Bir(M) acts properly and cocompactly by isometries ofXM . Then one has a group
homomorphism
ΘM : Bir(M)→ Isom(XM ).
We should warn the reader that in general ΘM does not preserve
5 the type of an isometry. In fact,
Θ(Bir(M)) does not contain parabolic isometries by [BH99, II.6.10 (2)].
Lemma 3.10. The images of M-loxodromic and M-parabolic birational automorphisms underΘM are
XM -loxodromic. The images of M-elliptic elements are XM -elliptic. In particular, ΘM maps semi-
simple isometries to semi-simple ones.
Proof. First note that if a group Γ acts geometrically on a proper CAT(0) space then γ ∈ Γ has finite
order if and only if γ is elliptic.
Let f ∈Bir(M) be of infinite order, i.e. either M-loxodromic or M-parabolic. Then, as was noticed
above, ΘM ( f ) is eitherXM -loxodromic, orXM -elliptic. In the latter case ΘM ( f )n = id for some n > 0.
Thus f n ∈ kerΘM , i.e. f n acts as identity onXM . But this also means that f has a fixed point locus on
the underlying hyperbolic space (NS(M)R, qBBF ), i.e. f n is M-elliptic. By [BH99, II.6.7] we have that f
5It is not surprising since the metric onXM is not the same as on the initial hyperbolic space.
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must be M-elliptic too, contradiction. Finally, the image of an element of finite order is of finite order,
hence M-elliptic elements map toXM -elliptic elements. 
Below we shall use the following important Flat Torus Theorem.
Theorem ([BH99, II.7.1]). Let A be a free abelian group of rank n acting properly by semi-simple isome-
tries on a CAT(0) space X . Then:
(1) Min(A)=∩α∈A Min(α) is non-empty and splits as a product Y ×En ;
(2) Every element α ∈ A leaves Min(A) invariant and respects the product decomposition; α acts as
the identity on Y and as a translation on En ;
(3) If a finitely generated subgroup Γ⊂ Isom(X ) normalizes A, then Γ has a subgroup of finite index
that contains A as a direct factor.
Proposition 3.11. Let M be a projective hyperkähler manifold, and f ∈ Bir(M) be either parabolic, or
loxodromic. Denote by C ( f ) the centralizer of f in Bir(M). Then C ( f ) has a finite index subgroup H
which splits as a direct product: H =N ×〈 f 〉.
Proof. Suppose that a group Γ acts geometrically on a CAT(0) space X , and γ is an element of infinite
order. Then its centralizer C (γ) acts geometrically on the CAT(0) subset Min(γ) of X [Rua01, Theorem
3.2]. Thus we see that C ( f ) is a CAT(0) group, hence finitely generated by Theorem 3.3 (1). It remains
to apply the Flat Torus Theorem (3) to A = 〈 f 〉. 
Given a finitely generated group and its arbitrary element, it is natural to ask how the iterates of
this element behave with respect of generators. Namely, let Γ be a finitely generated group with finite
symmetric generating set Σ=Σ−1. Recall that the word metric on Γ is defined as
wΣ(γ1,γ2)=min{n : γ−11 γ2 =σ1σ2 . . .σn , σi ∈Σ},
and the length of γ ∈ Γ is |γ|Σ =wΣ(id,γ). An element γ ∈ Γ is called distorted if
lim
n→∞
|γn |Σ
n
= 0
and undistorted otherwise. The property of being undistorted is well known to be independent of
choice of Σ.
Proposition 3.12. Let M be a projective hyperkähler manifold. Then its loxodromic and parabolic
birational automorphisms are undistorted.
Proof. Let γ ∈ Bir(M) be a M-loxodromic or M-parabolic automorphism. Then Θ(γ) = ΘM (γ) is of
infinite order by Lemma 3.10. By [BH99, I.8.18] for any choice of basepoint x0 ∈XM there exists a
constant µ> 0 such that
distXM (γ1x0,γ2x0)≤µwΣ(γ1,γ2).
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Then one has
lim
n→∞
|γn |Σ
n
Ê lim
n→∞
|Θ(γ)n |Θ(Σ)
n
= lim
n→∞
wΘ(Σ)(id,Θ(γ)n)
n
Ê lim
n→∞
µ−1 distXM (x0,Θ(γ)
n x0)
n
, (1)
where x0 ∈XM is an arbitrary point. Now let X be a CAT(0) space, δ be a semi-simple isometry, and
x ∈ X be any point. Then it is easy to check that
‖δ‖ = distX (x,δ
n x)
n
. (2)
By the Flat Torus Theorem, the set Min(〈δ〉)≡∩k Min(γk ) is γ-invariant ans splits as a product Y ×E1
such that δ acts identically on Y and by translations on E1. It then easily follows that ‖δn‖ = n · ‖δ‖.
Now taking X =XM and δ=Θ(γ) we get from (1) and (2) that
lim
n→∞
|γn |Σ
n
Êµ−1‖Θ(γ)n‖ =µ−1n‖Θ(γ)‖ > 0,
since ‖Θ(γ)‖ > 0. 
3.4. Cohomological properties. Finally we would like to show that cohomological properties of Bir(M)
and Aut(M) mentioned in [CF18] can be also obtained using our approach. Recall that a group Γ is
called of type FL if the trivial Z[Γ]-moduleZ has a finite resolution by freeZ[Γ]-modules of finite rank:
0→Z[Γ]nk → . . .→Z[Γ]n1 →Z→ 0.
We say that Γ is of type VFL6 if it is virtually FL, i.e. admits a finite-index subgroup satisfying property
FL.
Proposition 3.13. Let M be a projective hyperkähler manifold. Then the groups Aut(M) and Bir(M) are
of type VFL.
Proof. Let Γ denote either Aut(M) or Bir(M). By Selberg’s lemma, the groupΦNS(Γ) is virtually torsion-
free. Since kerΦNS is finite, Γ aslo contains a finite-index torsion-free subgroup, say Γ0. Consider the
action of Γ on the associated CAT(0) spaceXM . Note that cocompactness is inherited under restric-
tion of the action of Γ to any finite-index subgroup, and properness holds for any subgroup of Γ. So,
the action of Γ0 onXM is proper and cocompact (and free). By [BH99, III.Γ.1.1, II.5.13], Γ0 has a finite
CW complex as classifying space. By [Bro82, VIII.6.3] Γ0 is of type FL then. 
We refer to [Bro82] for further finiteness properties of groups.
4. CONSTRUTION OF A CAT(0) SPACE
To prove Theorem 3.2 (and Theorem A) for a projective7 hyperkähler manifold M we shall con-
struct a CAT(0) space where the groups Bir(M) and Aut(M) act properly and cocompactly by isome-
tries. As was mentioned in Introduction, here we follow the ideas sketched in [Tot12] (see also [Ben17]
6Virtuellement une résolution Libre de type Finie
7We mention once again that in non-projective setting all our statements follow from Oguiso’s work [Ogu06], [Ogu08].
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for more details), but try to make our exposition accessible for a non-expert in metric geometry. The
main reference where the reader can find most technical facts used here is [Rat06] and [Apa00]. Our
construction will involve a hyperbolic space, so we first recall some basic definitions.
4.1. Hyperbolic space and its isometries. A hyperbolic n-dimensional space is an n-dimensional
Riemannian simply connected space of constant negative curvature. Throughout this note we use
several models of hyperbolic space, which we briefly describe below to establish notation. The main
reference is [Rat06]. A reader with a good background in hyperbolic geometry can easily skip this
subsection and go to Setup 4.2.
4.1.1. Standard models. Let V be a Minkowski vector space of dimension n + 1 with the quadratic
form q : V → R of signature (1,n) and inner product of two vectors v1, v2 denoted by 〈v1, v2〉. We will
choose the coordinates x0, . . . , xn in V such that q= x20 − x21 − . . .− x2n . The vectors v ∈V with q(v)= 1
form an n-dimensional hyperboloid consisting of two connected components: H+ = {x0 > 0}, and
H− = {x0 < 0}. The points of the hyperboloid model Hn are the points on H+. The distance function is
given by dist(u, v)= argcosh〈u, v〉. The m-planes are represented by the intersections of the (m+1)-
planes in V with H+.
The Poincaré model ofHn has its points lying inside the unit open disk
Bn = {(0, x1, . . . , xn) ∈Rn+1 : x21+ . . .+x2n < 1}
and is obtained from the hyperboloid model by means of the stereographic projection ζ from the
south pole of the unit sphere in V (i.e. the point (−1,0, . . . ,0)) on the hyperplane V0 = {x0 = 0}. A
subset P ⊂Bn is called a hyperbolic m-plane if and only if ζ(P ) is a hyperbolic m-plane ofHn .
Denote by En the Euclidean n-space with standard Euclidean metric. By Ên = En∪{∞} we denote
its one-point compactification (e.g. Ĉ is the Riemann sphere). If a is a unit vector in En and r ∈ R,
then P (a,r ) is the hyperplane with unit normal vector a passing through the point r a. Further, S(a,r )
denotes the sphere of radius r centered at a. We shall also consider extended planes P̂ (a,r )= P (a,r )∪
{∞}. By a sphere in Ên we mean either a Euclidean sphere or an extended plane (so, topologically a
sphere too).
A p-sphere and a q-sphere of Ên are said to be orthogonal if they intersect and at each finite point
of intersection their tangent planes are orthogonal. One can show that P ⊂Bn is a hyperbolic m-plane
ofBn if and only if P is the intersection ofBn either with an m-dimensional vector subspace of V0 = En ,
or an m-sphere of V0 orthogonal to ∂B
n
.
In the Poincare ball model Bn , a horoball based at a ∈ ∂Bn is an Euclidean ball contained in Bn
which is tangent to ∂Bn at the point a. Assume Γ contains a parabolic element having a ∈ ∂Bn as
its fixed point. A horocusp region is an open horoball B based at a point a ∈ ∂Bn such that for all
γ ∈ Γ\ StabΓ(a) one has γ(B)∩B =∅.
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Finally, we mention the upper half-space model
Un = {(x1, . . . , xn) ∈ En : xn > 0}
with a metric induced from Bn in the following way. Let σ be the reflection of Ên in the sphere
S(en ,
p
2) and ρ be the reflection of Ên in Ên−1. Then η = σ ◦ρ maps homeomorphically Un to Bn .
Put distUn (u, v)= distBn (η(u),η(v)). A subset P ⊂Un is called a hyperbolic m-plane if and only if η(P )
is a hyperbolic m-plane of Bn . One can show that P ⊂ Un is a hyperbolic m-plane of Un if and only
if P is the intersection of Un either with an m-plane of En orthogonal to En−1, or an m-sphere of En
orthogonal to En−1.
Recall that a geodesic line (or just geodesic) in a Riemannian manifold M is a continuous map
γ : R → M such that distM (γ(x),γ(y)) = |x − y |. We also refer to the image of γ as a geodesic line.
For any two distinct points x, y ∈ M there exists a closed interval [a;b] ⊂ R and a geodesic γ with
γ(a) = x, γ(b) = y , which is called the geodesic segment. In all described models of hyperbolic space,
its geodesics are just hyperbolic lines, i.e. 1-planes.
4.1.2. Isometries. For the reader’s convenience, we shall use the language of Möbius transformation
as in our main reference [Rat06] when talking about isometries of hyperbolic space.
A Möbius transformation of Ên is a finite composition of reflections of Ên in spheres. Consider
En−1 ≡ En−1 × {0} ⊂ En . Any f ∈ Möb(Ên−1) can be extended to an element of Möb(Ên) as follows.
If f is a reflection of Ên−1 in P̂ (a,r ) then f˜ is the reflection of Ên in P̂ (a˜,r ) where a˜ = (a,0). If f is
a reflection of Ên−1 in S(a,r ) then f˜ is the reflection of Ên in S(a˜,r ). The Poincaré extension of an
arbitrary f = f1 ◦ . . .◦ fm ∈Möb(Ên−1) is then defined8 as f˜ = f˜1 ◦ . . .◦ f˜m .
If Y =Un orBn , a Möbius transformation f ∈Möb(Y ) is a Möbius transformation of Ên that leaves
Y invariant. The element f ∈ Möb(Un) is a Möbius transformation if and only if it is the Poincaré
extension of an element of Möb(Ên−1), so Möb(Un)∼=Möb(Ên−1) [Rat06, §4.4]. Similar statement holds
for Möb(Bn).
Every Möbius transformation of Bn restricts to an isometry of the conformal ball model Bn , and
every isometry of Bn extends to a unique Möbius transformation of Bn [Rat06, Theorem 4.5.2]. In
particular, Isom(Bn)∼=Möb(Bn).
Let f ∈ Möb(Bn) be a Möbius transformation (an isometry of the hyperbolic n-space). Then f
maps B
n
into itself and by the Brouwer fixed point theorem, f has a fixed point in B
n
. Recall that f is
said to be elliptic if f fixes a point of Bn ; parabolic if f fixes no point of Bn and fixes a unique point of
∂B
n =Sn−1; loxodromic if f fixes no point ofBn and fixes two points ofSn−1, say a and b. A hyperbolic
line L joining a and b is called the axis of f , and f acts as a translation along L. If f translates L in
the direction of a, then for any x ∈Bn , x 6= b, one has f m(x)→ a as m →∞, i.e. a is an attractive fixed
point (and b is repulsive).
8It is easy to see that the definition is correct.
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4.2. Setup. Assume that we have:
• A vector space V of dimension n+1, n Ê 2, with a fixed Z-structureΛ∼=Zn+1,Λ⊗R=V ;
• A quadratic form q :V →R of signature (1,n);
• Hyperbolic space (with modelsHn , Bn and Un), associated to (V ,q);
• A convex cone C in V ;
• A group action Φ : Γ→GL(Λ)⊂GL(V ) with discrete image Φ(Γ) and finite kernel, such that Γ
preserves C , q, and has a rational polyhedral (locally finite) fundamental domainΩ on C .
Theorem 4.1. Suppose that all the conditions in Setup 4.2 hold. Then Γ is a CAT(0) group.
Proof of Theorem 3.2 (Theorem A). For ρ(M) Ê 2 it follows with Λ = NS(M), q = qBBF , C = Amp(M)+
for Γ = Aut(M) and C =Mov(M)+ for Γ = Bir(M), and Ω given by Theorem 2.2 and Remark 2.3. Note
that the kernel ofΦ=ΦNS is finite by Proposition 2.1.
Now let us treat the case ρ(M)= 2 separately (as will be clear from below, case ρ(M)= 1 is easier).
Let Γ be either Aut(M) or Bir(M). By Proposition 2.1 there is a short exact sequence
1→K → Γ ΦNS−→ Γ∗→ 1
with Γ∗ =ΦNS(Γ) and K a finite group. For any g ∈ Γ∗ one has det g =±1. Put Γ+ = {g ∈ Γ∗ : det g = 1}.
By [LP3, Theorem 3.9] one has either Γ+ = 1 or Γ+ ∼= Z. It suffices to consider only the last case. Here
we have a short exact sequence
1→K → Γ′ =Φ−1NS(Γ+)→ Γ+→ 1.
It is well known (and easy to show) that a finite-by-cyclic group is always virtually cyclic. This means
that Γ′, and hence Γ, is either finite, orZ up to finite index. But all such groups are CAT(0) groups (this
follows e.g. from the Bieberbach Theorem, see [BH99, II.7, Remark 7.3]). 
Sketch of proof of Theorem 4.1. Put
D= pr(C ∩Hn),
where pr : V → V is the projection from the origin (inducing an isometry Hn → Bn). Then D is a
convex subset of Bn . The group Γ acts on D with a fundamental domain ΠD, which moreover has
finitely many sides. We are going to show that D can be «decorated» a bit so that Γ acts properly and
cocompactly on the resulting CAT(0) space.
Recall that a point a ∈ ∂Bn = Sn−1 is a limit point of a subgroup Γ ⊂ Möb(Bn) if there is a point
b ∈ Bn and a sequence {γi ∈ Γ}∞i=1 such that {γi b}∞i=1 converges to a. Let C (Γ) denote the convex hull
of the set of limit points of Γ on B
n
. Note that this is a closed subset of B
n
[Rat06, §12.1]. Put
X =D∩C (Γ), Π=ΠD∩C (Γ).
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Step 1: There exists a finite family U of horocusp regions with disjoint closures such that Π \ U is
compact. See paragraph 4.4 for details.
Step 2: Put U ′ =⋃γ∈Γγ(U ). Step 1 shows that Γ acts cocompactly on X \U ′.
Step 3: Besides, Γ acts properly discontinuously on Bn , hence on X and X \U ′ too. Since we assume
that the kernel of the induced homomorphism
Φ : Γ→ Isom(Bn)
is finite, it suffices to show that Φ(Γ) acts properly on Bn . By [Wol11, Lemma 3.1.1] if H and
K are subgroups of a group G with K compact and G locally compact, then H is properly
discountinous on G/K if and only if H is discrete in G . Now take G = Isom(Hn) ∼= O+(1,n),
H =Φ(Γ), and K = Stab(x)∼=On(R), where x ∈Hn . Notice that O+(1,n) is transitive on Hn and
Hn ∼=O+(1,n)/On(R), see [BH99, I.2.24].
Step 4: The radii of the horoballs of U ′ can be decreased such that we obtain a new collection W
of open horoballs with disjoint closures and X \ W is a CAT(0) space. This is explained in
paragraph 4.3.
Step 5: The action of Γ on X \W clearly remains properly discountinuous. It also remains cocompact
by Remark 4.7. This completes the proof.

FIGURE 1. Construction of a CAT(0) space XM (of course, the reader should not take
this picture too seriously, as typically we must delete infinitely many horoballs).
In the next two sections we explain the difficult parts of the proof.
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4.3. Explanation of Step 4. Let U =B1unionsq. . .unionsqBN , where Bi are horocusp regions with disjoint closures,
constructed in Step 1. By the definition of a horocusp region, for each i the set ∪γ∈Γγ(Bi ) consists of
pairwise disjoint balls. One can view the set
U ′ = ⋃
γ∈Γ
γ(U )=
N⋃
i=1
⋃
γ∈Γ
γ(Bi )
constructed in Step 2 as a finite collection of disconnected sets in a metric space. Clearly one can
decrease the radii of Bi so that U ′ is a family of disjoint open horoballs. Denote this resulting family
by U ′′. We are now going to show that U ′′ can be shrinked further so that X \U ′′ is a CAT(0) space.
First, note thatHn \U ′′ is a complete CAT(0) space by the following general fact:
Theorem 4.2 ([BH99, II.11.27]). Let Y ⊂Bn be a subspace obtained by deleting a family of disjoint open
horoballs. When endowed with the induced length metric, Y is a complete CAT(0) space.
Obviously, a convex subset of a CAT(0) space is itself a CAT(0) space when endowed with the
induced metric. In view of Theorem 4.2, to conclude that X \U ′′ is a CAT(0) space we need to check
its convexity in Bn \U ′′ (for the induced length metric), possibly after decreasing radii of U ′′.
First let us mention the description of geodesics in the truncated hyperbolic space Bn \U ′′.
Theorem 4.3 ([BH99, Corollary 11.34]). Let Y be as in Theorem 4.2. A path c : [a,b]→ Y parametrized
by arc length is a geodesic in Y if and only if it can be expressed as a concatenation of non-trivial paths
c1, . . . ,cn parametrized by arc length, such that:
(1) each of the paths ci is either a hyperbolic geodesic or else its image is contained in one of the
horospheres bounding Y and in that horosphere it is a Euclidean geodesic;
(2) if ci is a hyperbolic geodesic the the image ci+1 is contained in a horosphere and vice versa.
Now pick two different points x, y ∈ X \U ′′. Let ` be the geodesic of Bn joining them. Note that
` ⊂ X , as X is convex in Bn . If `∩U ′′ =∅, then ` ⊂ X \U ′′ and we are done. So, let us assume that
` intersects U ′′. The geodesic of X \U ′′ is a concatenation of hyperbolic geodesics αi and Euclidean
geodesics β j lying on horospheres. Note that both endpoints of each αi belong to X , hence all αi lie
in X \U ′′ (as X is convex in Bn and αi are hyperbolic geodesics of Bn). To make sure that β j lie in X
we can decrease the radius of each Bi so that the antipodal point of its base point belongs to X . This
will hold for all γ(Bi ) in fact, as X is Γ-invariant. Denote by W the resulting disjoint family of open
horoballs. Now allβ j are contained in X , so the whole geodesic between x and y is contained in X \W .
So, X \W is a CAT(0) space.
4.4. Explanation of Step 1. We again need some definitions from metric geometry. A group G ⊂
Möb(Un) is called elementary if G has a finite orbit in Ên . An elementary group G is said to be of
parabolic type if G fixes a point on Ên and has no other finite orbits.
19
Let Γ ⊂Möb(Un) be a discrete subgroup such that ∞ is fixed by a parabolic element of Γ. Then
Γ∞ = StabΓ(∞) is an elementary group of parabolic type. Thus Γ∞ corresponds under Poincarè ex-
tension (see above) to a discrete subgroup of Isom(En−1) [Rat06, Theorem 5.5.5]. We will need the
following classical Bieberbach Theorem, see e.g. [Rat06, Theorem 5.4.6, 7.4.2]
Theorem. For any discrete subgroup Ξ⊂ Isom(En) there exists
• a free abelian subgroup Ξ′ ⊂Ξ of rank m and finite index;
• an Ξ-invariant m-plane Q ⊂ En such that Ξ′ acts effectively on Q as a discrete group of transla-
tions.
Moreover, the group Ξ is a crystallographic group of Q, meaning that Q/Ξ is compact.
Now take Ξ = Γ∞. By the Bieberbach theorem there is a Γ∞-invariant m-plane Q of En−1 with
Q/Γ∞ compact. Denote by N (Q,ε) the ε-neighborhood of Q in En . Then N (Q,ε) is Γ∞-invariant. Set
U (Q,ε)=Un \ N (Q,ε).
This is an openΓ∞-invariant subset ofU
n
. It is called a cusped region forΓbased at∞ if for allγ ∈ Γ\Γ∞
we have
U (Q,ε)∩γU (Q,ε)=∅. (3)
Viewed in Bn model when m = n−1, the sets U (Q,ε) are just horocusp regions based at∞, as defined
in Subsection 4.1. Let c ∈ Ên−1 be a point fixed by a parabolic element of a discrete subgroup Γ ⊂
Möb(Un). A subset U ⊂Un is a cusped region for Γ based at c if upon conjugating Γ so that c =∞, the
set U transforms to a cusped region for Γ based at ∞. A cusped limit point of Γ is a fixed point c of a
parabolic element of Γ such that there is a cusped region U for Γ based at c.
Recall that by L(Γ) we denoted the set of limit points of Γ in B
n
, and by C (Γ) the convex hull of
L(Γ) in B
n
. Now Step 1 is the content of the following claim9.
Proposition 4.4. Let Γ⊂ Isom(Bn) be a discrete subgroup, and Z be a Γ-invariant convex subset of Bn .
Assume that the action of Γ on Z has a finitely sided (locally finite) polyhedral fundamental domainΠ.
Then there exists a finite union V of horocusp regions with disjoint closures such that (Π∩C (Γ)) \ V is
compact in Z .
In what follows Π will denote the closure of fundamental polyhedron Π in B
n
. The most import-
ing step in the proof Proposition 4.4 is the following Lemma.
Lemma 4.5 (cf. [Apa00, Lemma 4.10]). Under assumptions of Proposition 4.4 the set P =Π∩L(Γ) is a
finite set of cusped limit points of Γ.
Before proving it, recall that a conical limit (approximation) point for a subgroupΓ⊂Möb(Bn) is a
point a ∈ ∂Bn such that there exists a point x ∈Bn , a sequence {γi ∈ Γ}∞i=1, a geodesic rayβ⊂Bn ending
9It is clear that at this step we may assume that Γ acts effectively.
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at a and r ∈R>0 such that {γi x}∞i=1 converges to a in N (β,r ). It is easy to show that this definition does
not depend on a choice of β and x (see e.g. [Rat06, Theorem 12.2.2, 12.2.3]), so in what follows we will
choose x = 0 and a convenient geodesic ray.
Example 4.6. A fixed point a of any loxodromic element γ ∈ Γ is always a conical limit point. Indeed,
replacing γ with γ−1 we may assume that a is the attractive fixed point. Then for any point x on the
axis of γ the sequence {γi x}∞i=1 converges to a.
Proof of Lemma 4.5. First, P contains no loxodromic fixed points, as it cannot contain conical limit
points. Indeed, assume that a ∈ P is a conical limit point. Pick a point u ∈Π. Then there is a geodesic
ray β = [u, a) in Π. Let {γi }∞i=1 be a sequence such that γi (0) converges to a in some N (β, s). The
condition dist(γi (0),β) < s implies that we have γ−1i (β)∩B(0, s) 6=∅, hence for an infinite sequence
{δi }∞i=1 we have δi (Π)∩B(0, s) 6=∅, which contradicts the local finiteness ofΠ.
Suppose p ∈ P . We now work in Un model and may assume that p =∞. As Π has finitely many
sides, there are finitely many points in P lying in Γ-orbit of p. Let these points be γi (∞) where γ0 =
id, . . . ,γk ∈ Γ. Put Γ∞ = StabΓ(∞). This group acts by Euclidean isometries of En−1. By the Bieberbach
theorem there exists a free abelian subgroup Γ◦ ⊂ Γ∞ of finite index m and rank r É n−1, thus there
are g1, . . . , gm ∈ Γ∞ such that
Γ∞ = Γ◦∪Γ◦g1∪ . . .∪Γ◦gm .
Let γ ∈ Γ be an element such that ∞∈ γ(P ). Then for some γi one has γγi ∈ Γ∞. Therefore γ lies in
one of finitely many sets Γ◦g jγ−1i . This implies that Γ
◦ is not trivial: otherwise a neighborhood of ∞
would intersect only finite number of polyhedra γ(Π), and hence∞∉ L(Γ).
If r = n − 1, then all U (Q,ε) are just horoballs based at p. It is not difficult to show that for ε
big enough10 they satisfy U (Q,ε)∩γU (Q,ε) =∅ for all γ ∉ Γ∞, see e.g. [Apa00, Theorem 3.15] (note
that this theorem is applicable as we proved that Γ◦ 6= id, so Γ contains Euclidean translations). In
particular, p is a cusped point. Let r < n − 1, and denote by W a minimal Γ∞-invariant r -plane in
En−1. Recall that Γ◦ is generated by r Euclidean translations by linearly independent vectors vi ∈ En−1.
Let Er = 〈v1, . . . , vr 〉, En−1 = Er ×En−1−r . Then we may assume that any γ◦ ∈ Γ◦ has the form
γ◦(x)= A(x)+ v, where A ∈On−1(R), A = id on Er , A(En−1−r )= En−1−r , v ∈ Er . (4)
The previous paragraph shows that for all γ ∉ Γ∞ polyhedron γ(Π) lies in one of finitely many hyper-
bolic half-spaces Hs , s = 0, . . . ,mk, or in the images γ◦(Hs) under γ◦ ∈ Γ◦. Note that Hs are Euclidean-
bounded. From (4) we see that for some d > 0 all γ◦(Hs) lie inside the set{
x ∈ En−1 :
n−1∑
i=r+1
x2i É d
}
.
10Here we consider horoballs as half-spaces {x ∈Un : xn > ε}, hence big ε corresponds to a «small» horoball in the Poincare
ball model Bn ,
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Therefore, we get that all polyhedra γ(Π), γ ∉ Γ∞, belong to a bounded Euclidean neighborhood of W ,
i.e. they lie outside some cusped region which satisfies (3) then. Hence, p is a cusped limit point. 
Proof of Proposition 4.4. (cf. [Rat06, Theorem 12.4.5])
• Let Π∩ L(Γ) consist of cusped limit points c1, . . . ,cm . Choose a proper (i.e. non-maximal)
cusped region Ui for Γ based at ci for each i such that U 1, . . . ,U m are disjoint and U i meets
just the sides of Π incident with ci . Further, let Bi be a horoball based at ci and contained in
Ui such that if g ci = c j then g Bi =B j . Then Bi is a proper horocusped region for Γ based at ci .
• Put V =∪i Bi and
K = (Π∩C (Γ)) \V.
As C (Γ) is closed in B
n
[Rat06, §12.1] (and Π is closed in Bn by definition), the set K is closed
in Bn . Let us show that it is bounded. Assume the contrary and let {xi }∞i=1 be an unbounded
sequence of points in K . By passing to a subsequence, we may assume that {xi } converges to a
point a ∈ ∂Bn . Then a is in the set
Π∩C (Γ)∩∂Bn =Π∩L(Γ).
We conclude that a = c j for some j .
• Let us pass to the upper half-space model Un and conjugate Γ so that a = ∞. Recall that
by construction this is a cusped limit point. The Bieberbach Theorem gives us Q — a Γ∞-
invariant m-plane of En−1 such that Q/Γ∞ is compact. We claim that there exists r > 0 such
that L(Γ) ⊂ N (Q,r ). Indeed, take U (Q,r ) to be a cusped region based at a. Then we have
U (Q,r )⊂Un ∪O(Γ), where O(Γ)= ∂Bn \ L(Γ) is the ordinary set of Γ. For the proof of this easy
statement see [Rat06, §12.3, Lemma 1]. Taking complements in U
n
, we get L(Γ)⊂N (Q,r ).
• Now denote by p :Un → En−1 the vertical projection. Since C (Γ) is the intersection of all hyper-
bolic convex subsets of U
n
containing L(Γ), and an r -neighborhood of a convex set is convex,
one has C (Γ)⊂ p−1(N (Q,r )), so {xi }∞i=1 ⊂K ⊂C (Γ) implies
{xi }
∞
i=1 ⊂ p−1(N (Q,r )).
As in [Rat06, Lemma 2, §12.3] one can show11 that distEn (xi ,Q)→∞, so the sequence of n-th
coordinates of xi also converges to ∞, which means that xi is in B j for all sufficiently large i
(that was not clear a priori, since, informally speaking, xi could converge to a “tangentially” to
B j , without entering this horoball). But this is is a contradiction, since K is disjoint from B j .
Thus K is bounded, hence also compact.

11Note that in the cited lemma it is in fact not important that Π is a fundamental polyhedron for the action of Γ on the
whole Un .
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Remark 4.7. Note that after finding horoballs Bi corresponding to cusped regions Ui , we can further
shrink them if needed, and the proof of the compactness of (Π∩C (Γ) \V ) still remains valid.
5. FURTHER EXAMPLES
Here we discuss some examples where the Kawamata-Morrison cone conjecture is known to be
true.
Example 5.1 (Calabi-Yau pairs). Let X be a smooth complex algebraic variety and ∆ = ∑i ai∆i be
an effective R-divisor on X with simple normal crossings. Recall that (X ,∆) is called a klt Calabi-Yau
pair if all ai < 1 and KX +∆ is numerically trivial. The cone conjecture holds for any klt Calabi-Yau
surface [Tot10, Theorem 3.3]. Here are some interesting examples of klt Calabi-Yau pairs (besides
trivial examples with ∆= 0).
• Halphen surfaces of index m Ê 1, i.e. smooth projective rational surfaces X such that |−mKX |
is a pencil without base points and fixed components. It can be shown that X is a Halphen
surface if and only if there exists an irreducible pencil of curves of degree 3m in P2 with 9 base
points of multiplicity m (maybe infinitely near) such that X is the blow-up of these 9 base
points and |−mKX | is the strict transform of this pencil. This is equivalent to the existence on
X of relatively minimal elliptic fibration with no multiple fibre if m = 1 and a unique multiple,
of multiplicity m, otherwise [CD12, Proposition 2.2];
• Coble surfaces, i.e. smooth projective rational surfaces X such that | −KX | = ∅, but | − 2KX |
consists of a single irreducible curve C , and K 2X =−1. The blowing down of a (−1)-curve on a
Coble surfaces gives a Halphen surface of index 2. Conversely, the blow-up of a singular point
of an irreducible non-multiple fiber of a Halphen surface of index 2 is a Coble surface [CD12,
Proposition 3.1];
Although Halphen and Coble surfaces are rational by definition, they are still relevant for present dis-
cussion. Indeed, one has a representation Aut(X )→O(NS(X ), q), where q is the intersection form on
NS(X )∼= Pic(X ) of signature (1,ρ(X )−1) by Hodge index Theorem. The Kawamata-Morrison conjec-
ture for Aut(X ) holds by [Tot10].
Let X be a Halphen surface. By [CD12, Remark 2.11] there exists a homomorphism
ρ : Aut(X )→ PGL2(C)
with finite image such that kerρ is an extension of a free abelian group of rankÉ 8 by a cyclic group of
order dividing 24. In particular Aut(X ) is finitely generated and satisfies Tits’ alternative.
Automorphism groups of Coble surfaces are also quite interesting. Automorphism group of a
general Coble surface is isomorphic to the automorphism group of a general Enriques surface, and
the latter are known to have a rich structure. For example, in [Des10, Exemples 3.8] the authors gives
an example of a Coble surface whose automorphism groups contains (Z8)∗10.
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Example 5.2 (Wehler varieties). Another example of Calabi-Yau manifolds for which the Kawamata-
Morrison conjecture holds is given by so-called Wehler varieties. These are smooth hypersurface X of
degree (2,2, . . . ,2) in (P1)N+1. The N +1 projections pik : X → (P1)N which are obtained by forgetting
one coordinate are ramified double coverings. So, there are birational transformations ιk : X 99K X
that permute the two points in the fibers of pik . This gives a homomorphism from the universal Cox-
eter group UC(N +1) of rank N +1 to Bir(X ):
Ψ : UC(N +1)=Z/2∗ . . .∗Z/2︸ ︷︷ ︸
N +1 times
→Bir(X ).
In [CO12] it was shown that for N Ê 3 and generic X one has Aut(X ) = id, and Ψ is in fact an iso-
morphism (in particular, Bir(X ) is finitely presented and satisfies Tits’ alternative). Recall that given
a Coxeter system (W, {s j }Nj=1) one can construct an N -dimensional vector space VN of its geometric
representation, with a quadratic form bN preserved by W . The group W also preserves the so-called
Tits cone T , that contains an explicit subcone D which is a fundamental domain for the action of
W on T . It then turns out that the action of Bir(X ) on the Neron-Severi group NS(X ) is conjugate to
the geometric representation VN+1 of UC(N + 1). Moreover, the form bN+1 has signature (1, N ) and
there exists a linear isomorphism VN+1 →NS(X )R such that the fundamental domain of UC(N +1) is
mapped onto Amp(X ) and the Tits cone is mapped onto Mov
e
(X ). So, our method here applicable
only post factum, as an explicit description of Bir(X ) is already available. However it would be inter-
esting to know if there is an apriori explanation12 of any finiteness properties for Bir(X ) in spirit of the
following conditional statement (which follows from Proposition 2.1 and Theorem 4.1):
Conditional Theorem. Let M be a projective Calabi-Yau manifold such that there exists a hyperbolic
Aut(M)-invariant (resp. Bir(M)-invariant) quadratic form q on NS(M). Assume that the Kawamata-
Morrison cone conjecture (resp. its birational version) is true for M. Then Aut(M) (resp. Bir(M)) has all
the properties listed in Theorems A, B and C.
Acknowledgements: Authors thank Misha Verbitsky for discussions, indicating idea of the proof
of the Kawamata-Morrison conjecture in b2 = 5 case. Both authors are Young Russian Mathematics
award winners and would like to thank its sponsors and jury.
REFERENCES
[Apa00] B. N. Apanasov: Conformal Geometry of Discrete Groups and Manifolds, Degruyter Expositions in Mathematics
(Book 32), 2000
[AV14] E. Amerik, M. Verbitsky, Rational Curves on Hyperkähler Manifolds, Int. Math. Res. Not., 2015, 23, pp. 13009–
13045.
[AV15] E. Amerik, M. Verbitsky, Teichmuller space for hyperkahler and symplectic structures, J. Geom. Phys. 97 (2015),
pp. 44–50.
12Note that one of the things to explain here is the geometric meaning of the form bN+1 for N Ê 3.
24
[AV17] E. Amerik, M. Verbitsky, Morrison-Kawamata cone conjecture for hyperkähler manifolds, Annales scientifiques
de l’École normale supérieure, 50, 4 (2017), pp. 973–993.
[AV18] E. Amerik, M. Verbitsky, Collections of parabolic orbits in homogeneous spaces, homogeneous dynamics and hy-
perkahler geometry to appear in International Mathematics Research Notices, https://arxiv.org/abs/1604.03927.
[Bea83] A. Beauville, Variete Kähleriennes dont la premiere classe de chern est nulle, J. Diff. Deom. 18 (1983), pp. 755–
782.
[Ben17] M. Benzerga, Finiteness of real structures on KLT Calabi-Yau regular smooth pairs of dimension 2,
https://arxiv.org/abs/1702.08808
[Bog74] F. Bogomolov, On the decomposition of Kähler manifolds with trivial canonical class, Math. USSR-Sb. 22 (1974),
pp. 580 - 583.
[BH99] Martin R. Bridson, André Häfliger, Metric Spaces of Non-Positive Curvature, Springer, 1999.
[BS12] S. Boissière, A. Sarti, A note on automorphisms and birational transformations of holomorphic symplectic man-
ifolds, Proc. Amer. Math. Soc., 140(12): pp. 4053–4062, 2012.
[Bro82] K. Brown, Cohomology of groups, Springer (1982).
[CD12] S. Cantat, I. Dolgachev Rational surfaces with a large group of automorphisms, J. Amer. Math. Soc. 25 (2012),
863-905
[CF18] A. Cattaneo, L. Fu Finiteness of Klein actions and real structures on compact hyperhahler manifolds,
https://arxiv.org/abs/1806.03864.
[CO12] S. Cantat, K. Oguiso, Birational automorphism groups and the movable cone theorem for Calabi-Yau manifolds
of Wehler type via universal Coxeter groups, Amer. J. Math. 137 (2015) 1013-1044.
[Des10] J. Déserti, Automorphismes d’entropie positive, le cas des surfaces rationnelles https://arxiv.org/abs/1005.2259
[GHJ03] M. Gross, D. Huybrechts, and D. Joyce, Calabi-Yau manifolds and related geometries, Universitext, Springer-
Verlag, Berlin, 2003.
[GP99] F. Grunewald, V. Platonov, Rigidity results for groups with radical cohomology of finite groups and arithmeticity
problems, Duke Math. J., Volume 100, Number 2, 321-358 (1999).
[Gua01] D. Guan, On the Betti numbers of irreducible compact hyperkähler manifolds of complex dimension four, Math.
Res. Lett., 8, 5-6, pp 663–669, 2001.
[Fuj87] A. Fujiki, On the de Rham cohomology group of a compact Kähler symplectic manifold, In: Algebraic geometry,
Sendai, 1985, Adv. Stud. Pure Math. 10 (1987), pp. 105–165.
[Huy99] D. Huybrechts, Compact hyperkähler manifolds: basic results, Invent. Math. 135 (1999), pp. 63–113. Erratum:
Compact hyperkähler manifolds: basic results, Invent. Math. 152 (2003), pp. 209–212.
[Kon99] S. Kondo, The Maximum Order of Finite Groups of Automorphisms of K3 Surfaces, American Journal of Mathe-
matics Vol. 121, No. 6, pp. 1245-1252 (1999).
[Kur15] N. Kurnosov, Boundness of b2 for hyperkähler manifolds with vanishing odd-Betti numbers,
https://arxiv.org/pdf/1511.02838.pdf.
[Loo14] E. Looijenga, Discrete automorphism groups of convex cones of finite type, Compos. Math., 150 (11), 1939–1962,
2014.
[LP3] V. Lazic´, Th. Peternell, On the cone conjecture for Calabi-Yau manifolds with Picard number two, Math. Res. Lett.
20 (2013), no. 6, 1103–1113.
[Mar11] E. Markman, A survey of Torelli and monodromy results for holomorphic-symplectic varieties, Proc. of the Confer-
ence Complex and Differential Geometry, Springer Proceedings in Mathematics, Volume 8, 2011, pp. 257-322.
[Nam85] Y. Namikawa, Periods of Enriques surfaces, Math. Ann. 270 (1985), no. 2, pp. 201–222.
[Ogu06] K. Oguiso, Tits alternative in hyperkähler manifolds, Math. Res. Lett.,13 (2006), 2, pp. 307–316.
25
[Ogu08] K. Oguiso, Bimeromorphic automorphism groups of non-projective hyperkähler manifolds – a note inspired by
C. T. McMullen, J. Diff. Geom., 78, 1 (2008), 163–191.
[Ogu12] K. Oguiso, Automorphism groups of Calabi-Yau manifolds of Picard number 2, J. Algebraic Geom. 23 (2014),
775–795.
[Pop11] V. L. Popov, On the Makar-Limanov, Derksen invariants, and finite automorphism groups of algebraic varieties,
Affine algebraic geometry: the Russell Festschrift, CRM Proceedings and Lecture Notes, 54, Amer. Math. Soc.,
2011, 289–311.
Amer. J. Math., 138(2) (2016), pp. 403–418.
[PS16] Yu. Prokhorov and C. Shramov, Jordan property for groups of birational selfmaps, Compositio Mathematica,
Volume 150, Issue 12, (2014), pp. 2054–2072.
[PS17] Yu. Prokhorov and C. Shramov, Automorphism groups of compact complex surfaces, math.AG/1708.03566.
[Rat06] J. G. Ratcliffe: Foundations of hyperbolic manifolds, volume 149 de Graduate Texts in Mathematics, 2006.
[Rua01] K. Ruane, Dynamics of the action of a CAT(0) group on the boundary, Geom. Dedicata 84 (2001), no. 1-3, p. 81–99.
[Saw15] J. Sawon, A bound on the second Betti number of hyperkähler manifolds of complex dimension six,
https://arxiv.org/pdf/1511.09105.pdf
[Ser07] J.-P. Serre, Bounds for the orders of the finite subgroups of G(k), in Group representation theory, pp. 405–450,
EPFL Press, Lausanne, 2007.
[Ste85] H. Sterk, Finiteness results for algebraic K3 surfaces, Math. Z. 189 (1985), pp. 507–513.
[Tot10] B. Totaro, The cone conjecture for Calabi-Yau pairs in dimension 2, Duke Math. J. 154 (2010), no. 2, pp. 241–263.
[Tot09] B. Totaro, The cone conjecture for Calabi-Yau pairs in dimension 2, arXiv:0901.3361
[Tot12] B. Totaro, Algebraic surfaces and hyperbolic geometry, In Current developments in algebraic geometry, volume
59 de Math. Sci. Res. Inst. Publ., pages 405–426. Cambridge Univ. Press, Cambridge, 2012.
[Ver13] M. Verbitsky, Mapping class group and a global Torelli theorem for hyperkähler manifolds, Duke Math. J., 162,
Number 15 (2013), pp. 2929–2986.
[Wol11] J. A. Wolf, Spaces of constant curvature, AMS, 2011.
Nikon Kurnosov
Department of Mathematics,
University of Georgia,
Athens, GA, USA, 30602
also: Laboratory of Algebraic Geometry,
National Research University HSE,
Department of Mathematics,
6 Usacheva Str., 119048, Moscow, Russia
nikon.kurnosov@gmail.com
Egor Yasinsky
Universität Basel
Departement Mathematik und Informatik
Spiegelgasse 1, 4051 Basel
yasinskyegor@gmail.com.
